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                                                         Abstract
S

Keywords: 

everal models have been proposed for modelling the lifetime data for reliability analysis. The 
performances of these models have been evaluated by fitting the models with the datasets and 
then compare the value with the values of the existing models. This study proposed a new model 
that enhance the modelling of data in reliability studies and the performance of this proposed 
model was evaluated by comparing it with others related models, these models include Weibull-
Burr type X, Exponentiated Generalized-Burr type X and Burr type X model. The Akaike 
information criterion (AIC) of each model was calculated using the dataset contained about 30 
units of observations. Results show that the AIC of the proposed model was found to be 10.00 
while the AIC of the other three competitive related models are 192.34, 367.45 and 367.87. The 
result of the analysis revealed that the proposed model (Generalized Transmuted-Generalized 
Rayleigh) with smallest AIC had the best performance when compared to the other three 
competitive related models, hence  the model can better be used in reliability analysis as well as in 
analysing skewed datasets.

Generalized Rayleigh distribution, Hazard function, Moments
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INTRODUCTION

There is always need to apply theories 
and distributions in solving real life problems. 
This sometimes, is not easily achieved. So much 
effort is put daily to improve distributions or to 
increase its flexibility. The reason of improving 
several lifetime distributions is to handle 
lifetime data and the case of real-life problems 
where the observed dataset does not follow any 
classical or standard probability model (Merovci 
et al. 2015).

The method of generalizing new families 
of distributions attract many authors to come up 
with different forms of such classes of 
dist ributions (Alzaatreh et al . 2013;  
Bourguignon et al. 2014) to give more room to 
the researchers to propose several distributions 

using these classes of distributions that can 
explain complex phenomenon in reliability 
studies, lifetime testing, engineering modelling 
and electronic sciences, the failure rate 
behaviour in the above mentioned areas can be 
bathtub, upside-down bathtub and others shaped 
but not usually monotone increasing or 
decreasing (Tahir and Cordeiro, 2016).

Khaleel et al (2017) introduced a four 
parameter continuous distribution known as 
exponentiated generalized burr type-X 
distribution. The mathematical properties of the 
distribution were discussed. However, the 
parameters were estimated using the method of 
maximum likelihood. Lastly, the new model was 
fitted to real datasets and compared the result 
with other models. The result showed that the 
exponentiated generalized burr type-X 
distribution provides a better fit than those it was 
compared with.
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Merovci et al (2014) proposed a new 
model called the transmuted Pareto distribution. 
They derived expansions for the expectation, 
variance, moments and the moment generating 
function. The method of maximum likelihood 
was use in the estimate of parameters. An 
application of the transmuted Pareto distribution 
was demonstrated using data of exceedances of 
flood peak of the Wheaton River analyzed by 
(Choulakian and Stephens, 2011), the 
transmuted Pareto distribution provides better fit 
than the other compared distributions based on 
this dataset.

Oguntunde et al (2017) introduced a two 
parameter model called the Burr X- Exponential 
distribution; some few properties of the 
distribution were discussed. The study 
highlighted that the parameters can be estimated 
by differentiating the log-likelihood function 
with respect to parameters 

A random variable  is said to follow a 
Generalized Rayleigh distribution, if its 
cumulative distribution function (CDF) and 
probability density function (pdf) are 
respectively given by Equation (1) and (2).

, c > 0,  > 0           (1)

and

 > 0, c > 0, d > 0            (2)

Where  and  are the shape and scale parameters 
respectively.

A random variable is said to have 
generalized transmuted -G family of distribution 
if its cdf and pdf are respectively given by 
equations (3) and (4).

F 

X

G(x; c, d) = (1-e ) ; x > 0 d

g(x;c,d)=2cd  xe  ( –e ) ; 
x

c d

X 

(x,a,b, , ) = G 

–(dx)2 c

2 -(dx)2 -(dx)2 c-1

Generalized Transmuted -G family of 
Distribution

λ Φ (x; ) [(1+ ) - G(a, ) ]  (3)Φ λ λ Φa b

and 

Where a, b and are three additional 
positive parameters, G (x; ) and  g(x; )are the 
CDF and pdf of any Univariate continuous 
distribution defined on the parameter vector . 
This particular distribution, generalized 
transmuted -G family of distribution reduces to 
some families of distribution studied by other 
authors. When a=1 and b=0, it corresponds to the 
Exponentiated-G family studies by (Gupta et al, 
1998). If a=b=1, the GT-G family reduces to 
transmuted class studied by (Shaw and Buckley 
2007).In addition, it reduces to the baseline 
distribution when a=b=1 and =0.

The probability density function 
(equation 5) of the proposed model is obtain by 
substituting equation (1) and (2) of the baseline 
in to equation (4) of the generator likewise the 
cumulative distribution function (equation 6) of 
proposed model is obtain by substituting 
equation (1) of the baseline in to equation (3) of 
the generator.

The random variable with 
parameters a, b, c, d and is said to follow the 
generalized transmuted -generalized Rayleigh 
distribution if its PDF and CDF are respectively 
given by equation (5) and (6).

f( x; )  [a(1+ ) - (a+b) G(a, 
) ]              (4)

X 

Φ λ λ
Φ

λ
Φ Φ

Φ

λ

λ

a-1 

b

x,a,b, , ) = g(

f(x,a,b,c,d, )=2cd  xe  (1 –e ) ; [a(1+
(a+b)(1 –e ) ]

f(x,a,b,c,d, )=[(1 –e )] ; 

λ Φ

λ λ λ

λ

Generalized transmuted - Generalized 
Rayleigh distribution

Defination1: 

2 -(dx)2 -(dx)2 ac-1

-(dx)2 bc

-(dx)2 a

)-
            (5)

and 

An Official Publication of Enugu State University of Science & Technology    ISSN: (Print) 2315-9650   ISSN: (Online) 2502-0524
This work is licenced to the publisher under the Creative Commons Attribution 4.0 International License.     78  

Usman et al -Generalized Transmuted -Generalized Rayleigh Distribution: (GT-GR distribution: Properties And Application)



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 x

(a) Graph of PDF                                       

(b) Graph of CDF
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Survival function 
The survival function is the probability that a 
patient, device or any objects of interest will 
survive beyond a specified time, the survival 
function is also known as the reliability function. 
The survival function of generalized transmuted-
generalized Rayleigh distribution is given by 
equation (7).

1-F(x,a,b,c,d, )=1- [(1 –e )] ; 
[(1+ 1–e ) ] ]

X
X

λ
λ λ(

λ

-(dx)2 a

-(dx)2 c b)-            (7)

 Hazard rate refers to the rate of death for an item 
of a given age, and it's also known as the failure 
rate. It's the likelihood that if something survives 
to one moment; it will also survive to the next. 
Hazard rate cannot be negative and only applies 
to those items which cannot be repaired. The 
hazard function of generalized transmuted-
generalized Rayleigh X distribution is given by 
equation (8).

                =                                                      (8)
    

Under this section we study some of the 
properties of the -

distribution such as 
moments, moment generating function and 
entropy

Theorem: if  follow GTGR (a, b, c, d, ), Then 
the r  moment of random variable  is given by:

Hazard rate Function

Properties of the Proposed Distribution

Moments

 generalized transmuted
generalized Rayleigh 

th

2 2 2

2

2 ( ) ( ) 1 ( )

()

2 (1 ) { (1 ) ( )(1 ) }
{(1 ) [(1 ) ] }

dx dx d x bc

dx c b
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e
λ λ

λ λ

− − − −

−

− + − + −
+ − −

( )
1()GTBX

f  xH
Fx

=
−

 

2
2

1
1 0

(1
2 (1 ) ( )

(1    )r

i
c(a+bac

i
r r i i

rc
a a b

d i
µ λ λ+

∞

−
=

Γ )


= + − +






+




∑+ (1)

Proof: The r  moment of having pdf f(x) is 
defined by:

th X 

Substituting Equation (5) into Eq. (9) we get

    (9)

Substituting Equations (11) and (12) into 
Equation (10) we obtain
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This complete the proof

The moment generation function M (t)a 
random variable X having pdf f(x) given in 
Equation (5) is obtained as:

Moment generating function 
x

Using power series for the exponential function 
we have

Where f(x) is the pdf of generalized 
transmuted-generalized Rayleigh distribution

Then the moment generating function of a 
random variable follow the pdf f(x) given in 
Equation (5) is obtained as:

X 

The pdf of the r order statistics for a random 
sample X , X , X  .............X from generalized 
transmuted-generalized Rayleigh distribution 
with pdf and cdf function given by equation (5) 
and (6) respectively is given by: 

th 

1 2 3 n 

  (x)=                       (-1)   (x)F(x) (16)f fr,n
i n-r     r-i-1       Σn!

(n-r)! (r-1)!

But [1-F(x)]n-r =  (-1)I      F(x)iΣ
n-r

i=0

n-r

i

Then we have:

  (x)=                      f(x) [ (x)] [1- (x)f F Fr,n
r-1 n-rn!

(n-r)! (r-1)

n-r

i=0

Substituting Equation (5) and (6) into (16) we 
have the rth order statistics for generalized 
transmuted-generalized Rayleigh distribution 
given by

Therefore, the pdf of the minimum order 
statistics and the maximum order statistics f (x) 1,n

f (x) n,n our proposed generalized transmuted-
generalized Rayleigh distribution is given by 
Equations (18) and (19) respectively
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Entropies
The Renyi entropy of a random variable 
represents a measure of variation of the 
uncertainty. The Renyi entropy is defined by

X 

By using the pdf in (4), we have

    Then, the  Renyi entropy of a random variable 
having the GT-G family is given byX 

And the Renyi entropy of a random variable 
having the generalized transmuted generalized 
Rayleigh distribution is given by

X 

The used the method of maximum 
likelihood estimation to estimate the parameters 
of the generalized transmuted-generalized 
Rayleigh distribution. Let x , x , x , ............. x be 
a random sample of size n from the generalized 
transmuted-generalized Rayleigh distribution

1 2 3 n 

With parameter vector  = (a,b,c,d, ). 
Then the log-likelihood function for   is given 
by:

Φ λ
Φ

The solution of the non-linear system of 
equations obtained by differentiating equation 
(20) with respect to a, b, c, d and  gives the 
maximum likelihood estimates of the 
parameters a, b, c, d and .

The Akaike Information Criterion (AIC) 
is an estimator of the relative quality of 
statistical models for a given set of data. Given a 
collection of models for the data, AIC estimates 
the quality of each model, relative to each of the 
other models. Thus, AIC provides a means for 
model selection. The idea of AIC (Akaike, 1973) 
is to select the model that minimizes the 
negative likelihood penalized by the number of 
parameters as specified in the equation.

λ

λ

Akaike Information Criterion (AIC)

Where denotes the log-likelihood function 
under the fitted model, k is the number of 
parameters in the model.

In this section we compare the results of the 
fitted proposed model that is generalized 
transmuted -generalized Rayleigh distribution 
with others related models that are Weibull- Burr 
Type X, Exponentiated Generalized-Burr type X 
and Burr type X distribution to the dataset 
studied by (Meeker, 1998), the data contained 
about 30 units of observation. We used the 
Akaike information criterion AIC to evaluate the 
performance of our proposed model over the 
other related models, the models with smaller 
AIC is the better model.

ll 

RESULT AND DISCUSSION
Application
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Table 1: The Parameters Estimates and AIC for 
the proposed and other related compared 
models. The proposed model is Generalized 
Transmuted- Generalized Rayleigh Distribution 

(GTGRD) and other related compared models 
a re  Weibu l l -Burr  type X  (WBXD),  
Exponentiated Generalized-Burr type X 
(EGBXD) and Burr type X (BXD) distributions.

Table 1 shows the summary of maximum 
likelihood estimates of the parameters and AIC 
for each fitted distribution for the dataset and we 
observed that the Transmuted Generalized-
Generalized Rayleigh distribution with smaller 
AIC is a better distribution among the other three 
competing distributions, therefore the model can 
better be use in reliability analysis as well as in 
analysing skewed datasets.

In this paper, we proposed five parameter 
Generalized Transmuted-Generalized Rayleigh 
distributions which serve as a new distribution in 
the analysis of lifetime data. We derived some of 
the mathematical expression for this model, 
example pdf, cdf, survival function and hazard 
function. We used the method of maximum 
likelihood in estimating the parameters of the 
model in order to see how each parameter 
contributed toward the performance of the 
model. This proposed model performs better than 
the other competing models with smallest value 
of Akaike Information Criteria (AIC) equal to 10, 
therefore this model can appropriately fit data of 
various shapes that cannot be adequately fitted 
with existing models. Also this proposed 
distribution can be used in reliability analysis as 

                                                             
CONCLUSION  

well as in analysing skewed datasets.

REFERENCES

Akaike H. (1974 A new look at the statistical model 
identification. IEEE Transactions on Automatic 
Control. 19(6): 716–723

Alzaatreh A, Lee C, Famoye F. (2013). A new method for 
generating families of continuous distributions. 
Metron. 71: 63-79

Bourguignon M, Silva RB, Cordeiro GM. (2014a). The 
Weibull-G family of probability distributions
Journal of Data Science. 12: 53-68

Burr IW. (1942). Cumulative frequency functions. Ann. of 
Math. Statist.13: 215-232.

Choulakian V, Stephens MA (2011). Goodness of fit tests 
for  the  generalized Pareto dist ribution. 
Technometrics. 43(4): 478-484

              
Gupta RC, Gupta RD, Gupta PL. (1998). Modeling failure 

time data by lehman alternatives Communications in 
Statistics. Theory and Methods. 27: 887–904.

Gupta RD,  Kundu D. (1999). Generalized exponential 
distributions. Australian and New Zealand Journal 
of Statistics. 41(2): 173–188.

Khaleel MA, Ibrahim NA, Shitan M, Merovci F. (2017). 
New extension of Burr type X distribution properties 

). 

. 

An Official Publication of Enugu State University of Science & Technology    ISSN: (Print) 2315-9650   ISSN: (Online) 2502-0524
This work is licenced to the publisher under the Creative Commons Attribution 4.0 International License.     83

Usman et al -Generalized Transmuted -Generalized Rayleigh Distribution: (GT-GR distribution: Properties And Application)

Model                                                    Maximum  Likelihood Estimates.     AIC 

GTGRD 

 

a =1.000,  b =0.9997,  c =1.7000, d =2.5020,    λ
∧

=1.5000 

 

      
10.0000 

WBXD α
∧

=0.0983,  β
∧

=2.0000,  θ
∧

=0.4550,   λ
∧

=0.0010 

 

 

192.3400 

EGBXD α
∧

=0.3877, β
∧

=5.9751, θ
∧
=0.0152,  λ

∧
=0.0076 

 

 367.4500
 

BXD α
∧

=0.4858,  β
∧

=0.0037 
 
367.8700

 



 

 

 

 

 

with application. Journal of King Saud University-Science.      
30: 450-457

Meeker WQ, Escobar LA. (1998). Statistical Methods for 
Reliability Data. John Wiley, New York.

Merovci F. (2013). Transmuted Rayleigh distribution. 
Austrian Journal of Statistics.42; (1):21-31

Merovci F.(2014).Transmuted generalized Rayleigh 
distribution. Journal of Statistics  Applications  and 
Probability. 3(1): 9-20.

Merovci F, Khaleel MA, Ibrahim NA, Shitan M. (2016). 
The beta Burr type X distribution properties with 
application.  Springer Plus. 5(1): 1-18

Mierlus-Mazilu I. (2010). On generalized Pareto 
distribution. Romanian Journal of Economic 
Forecasting. 7:1-13

Nofal ZM, Afify AZ, Yousof HM, Cordeiro GM. (2015). 
The general ized  t ransmuted-Gfamily o f  
distributions. Communications in Statistics-Theory 
and Methods, forthcoming.

Shaw  WT,  Buckley  IRC.  (2007). The  alchemy  of  
probability distributions:  beyond  Gram-harlier  
expansions  and  a  skew-kurtotic-normal 
distribution from a rank transmutation                 

        map. Research report.

Surles J, Padgett W. (2001). Inference for reliability and 
stress-strength for a scaled Burr type X distribution. 
Lifetime Data Analysis, 7:187-200.

Tahir MH, Cordeiro GM, Alizadeh M, Mansoor M, Zubair 
M, Hamedani GG. (2015). The odd Generalized 
exponential family of distributions with 
applications. Journal of Statistical Distributions and 
Applications. 2(1): 1-28.

Oguntunde PE, Adejumo AO, Owoloko EA, Rastogi MK, 
Odetunmibi OA. (2017). Proceedings of the World 
Congress on Engineering, London, UK

Yousof HM, Afify A Z, Hamegani GG, Aryal G. (2017). 
The Burr X Generator of distribution for Lifetime 
Data. Journal of Statistical Theory and 
Applications.16 (3): 288-305

An Official Publication of Enugu State University of Science & Technology    ISSN: (Print) 2315-9650   ISSN: (Online) 2502-0524
This work is licenced to the publisher under the Creative Commons Attribution 4.0 International License.     84 

Usman et al -Generalized Transmuted -Generalized Rayleigh Distribution: (GT-GR distribution: Properties And Application)


